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We describe properties of microcanonical averages and their derivatives and a simple example of the nonlinear problem. An existence and uniqueness theorem is given for the associated linearized problem, which is also a functionaldifferential equation. Finally we will mention an isoperimetric problem related to the geometry of QDE's.
A few of these results are in [7] and the references therein. For a related problem, see also [8] , [9] .
Averages. S is a simple domain in the plane and z = \p(t), r E 5, a surface such that $ G C n * a (S), n > 2, 0 < a < When g = l this allows us to compute V^n\\jj), The integrand in (l) is oscillatory with an unbounded amplitude when \p -» \p 0 (i.e. r --» r 0 ) but the behaviour there can be adequately described by using a coordinate-transformation and Taylor series in the neighborhood of the critical point. In fact we have: These follow from previous theorems and well-known theorems on the regularity of solutions of elliptic partial differential equations. Linearized problem. The perturbed problem for At// = F(V, \p, i//', \jj") or (3) is also a QDE (7) L 2 <j> = -2^0
where 0 = d\jj/dt and 0(F) = <0> K . L 2 is a second order elliptic operator, L 2 = A -P, and L t is a second order ordinary differential operator. P and the coefficients of L x are given in terms of i//, which is assumed to have a few derivatives. What distinguishes the QDE (7) from (3) is that the contours used to determine 0 from 0 are now assumed to be given; they are the level lines of i// ==
*(r).
Then without being too specific, Isoperimetric problem. The function K{V) = < I SJV\ 2 ) V can be interpreted as the capacity of the (given) distribution of level lines on S. It is a purely geometrical quantity.
Let (pEC 1 and consider the functional
The isoperimetric problem we are interested in is to find the extrema of $ subject to the constraint é I VFl"" 1 ds = 1. In particular, when 0(f) = (1 -f t)~x, then the "Euler's equation" for (8) is (4) with an unknown h which has to be chosen so that the constraint is satisfied.
In all the arguments above we have assumed a simple geometry, but nonsimple level lines are actually more relevant for physical applications and extensive numerical schemes have been developed by H. Grad and coworkers to study these cases; see the cited references.
The functional in (8) can be reinterpreted so as to include the more complicated geometries. In fact for the special case of 0 mentioned above, finding the supremum of $[F] over a properly constrained class of F's would then correspond to finding the solution of (4) with the simplest geometry.
This variational formulation will be used to study examples of bifurcation, exchange of stability and evolution into more complicated geometries.
